HORIZONTAL GRADIENT OF POLYNOMIAL FUNCTIONS FOR
THE STANDARD ENGEL STRUCTURE ON R*

SI TIEP DINHT AND KRZYSZTOF KURDYKA®

ABSTRACT. We investigate the set V; of horizontal critical points of a poly-
nomial function f for the standard Engel structure defined by the 1-forms
w3 = dx3 —x1dr2, wy = drg — xr3dro, endowed with the sub-Riemannian met-
ric gsp = dac% + dm%. For a generic polynomial, we show that the intersection
of any fiber of f and V; does not contain a horizontal curve. Then we prove
that each trajectory of the horizontal gradient of f approaching the set V; has
a limit.

1. INTRODUCTION

An Engel structure A is a non-integrable distribution of rank 2 on a 4-
dimensional manifold which satisfies the following conditions:

rank[A, A] = 3,
rank[A, [A, A]] = 4,

where [.,.] denotes the Lie bracket. Engel structures are stable (or generic) in
the sense that all C2-small perturbation of an Engel structure is still an Engel
structure. A manifold with an Engel structure is called an Engel manifold. In
this paper, we will deal with the standard Engel structure on R*, defined by the
1-forms w3 = drz—x1dxs and wy = dry—x3dx2, Which is generated by the following
vector fields:

0

X, = —
! 8%1

0
- 871‘24»%187.133 +$367x4

We denote by A this Engel structure. By a result of Engel [9], at each point of
an Engel manifold, there exists a neighborhood with local coordinates 1, x2, 3, 4
such that the Engel structure is generated by the vector fields X7, Xo above. So
locally, all Engel structures are isomorphic.

Let us fix gsgp = dz? + dr2, a sub-Riemannian metric on A for which the

0 X, —

a$37 T 8x4
dz3+ w3 +w? is the Riemannian metric on R* extending gsr and making the system

Xo

system {X7, Xo} is orthonormalized. Let X3 = . Then g = dz? +
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{X1, X2, X3, X4} orthonormalized. The pair (A, gsr) is called a sub-Riemannian
structure on R*.

We refer to [1, 3, 6, 10, 12, 16, 24, 25, 27, 28] for further informations about
subriemannian geometry and Engel structures.

Let Ry[z] := {f € Rlz],deg f < d}, the set Ry[x] is furnished a structure of
finite dimensional vector space. We may identify a polynomial f € Ry[x] with its
coefficient vector and identify Ry[x] with R¥mRalz] S0 R,4[z] is endowed with the
usual topology of RdmRalz]  For each f e Ry4[x], we can associate a vector field
V" f, called horizontal gradient of f, which is the projection of the Riemannian
gradient V f on the distribution A with respect to the metric ggg. In the coordinate
system {X1, Xo, X3, X4},

4
V=Y (X)X

i=1

By definition
VI = (X1) X1+ (X2f) Xa.
For convenience, we will sometimes identify V" f with the map = +— (X1 f(), X2 f()).
The notion of horizontal gradient appeared in some recent works [2, 22] on the
Carnot groups. Denote
Vi ={V"f=0}

the set of horizontal critical points of f. Note that if x € Vy, then either x is
a riemannian critical point of f, i.e., Vf(z) =0, or A, C T.f~1(f(x)).

Definition 1.1. An almost everywhere differentiable curve v : (t1,t2) — R* is
called a horizontal curve if its derivative Y(t) is almost everywhere contained in
Ay

()

Let us firstly recall the Lojasiewicz gradient inequality [4, 7, 18, 19, 20] for Rie-
mannian gradient V f. This inequality is an important tool to study the trajectories
of Vf. Assume that f is an analytic function and V f(z() = 0, then the Lojasiewicz
gradient inequality says that in a neighborhood Uy of zg,

IVf(@)]] = Clf(z) = f(zo),

for some 0 < o < 1 and C' > 0. As a consequence, in [19, 21], Lojasiewicz proved

that locally the length of each trajectory x(t) of Vf is bounded uniformly, hence

the limit 75lim x(t) exists, i.e., if z(t;) — zo for some sequence t,, — oo, then
e el

x(t) = o as t — oc.

In [8], we have consider the trajectories of the horizontal gradient for a class
of codimension one distribution, called splitting distribution, on R™. This class
contains, in particular, contact structures. We have noticed that the Lojasiewicz
gradient inequality does not hold for horizontal gradient and some new phenomena
appear, for example, a trajectory of the horizontal gradient may have unbounded
length or accumulate to a cycle. This presents a major obstruction to the study
of the horizontal gradient’s trajectories since the techniques of Lojasiewicz do not
apply to the horizontal gradient. It turns out that to overcome this difficulty, we
have to study the restriction of the function on its set of horizontal critical points
flv;. The conclusion is that for a generic polynomial, the restriction f|y, is a
Morse function and the behavior of the trajectories of horizontal gradient is similar
to those of Riemannian gradient.
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Dealing with the standard Engel structure A above, in general, the Lojasiewicz
gradient inequality does not hold for horizontal gradient. In fact, if Vy # () and
flv; is a non constant function, then we can not have the Lojasiewicz gradient
inequality. Now studying f|y, is not sufficient to understand the behavior of the
trajectories of V" f, and it turns out that the set I’y of points in Vi, where V;
is not transverse to the distribution, plays an important role in the study of the
trajectories of V" f.

The paper is organized as follow. In the second section, we recall some basic
notions and results of semi-algebraic geometry. In the third part, we study the
generic properties of the dimension of Vy. On the generic dimension of Vi, we
obtain the following.

Theorem 3.1. Generically, Vy is smooth and of dimension 2 or is empty, i.e., the
set

Kq={f € Ry[z] : V} is smooth of dimension 2 or is empty}
contains a semi-algebraic open dense set in Ry[x].
The proof of this result is based on the transversality theorem with parameters.

It’s quite similar to the proof of Theorem 4.4 in [8].
Set

Iy:= {z € Vi T,V N A, # {0}}.
The following result plays an important role in the study of the trajectories of

horizontal gradient.

Theorem 4.1. Generically, the set 'y is a smooth algebraic curve or an empty set,
moreover, I'y does not have a connected component which is contained in a fiber of
f, i.e., the set

Mg ={f €Rqlz]: Ty is a smooth algebraic curve or an empty set and does not
have a connected component contained in a fiber of f

contains a semi-algebraic open dense set in Ry[z].
In the last part, we show that

Theorem 5.1. Generically, the trajectories of V' f in a compact set B have a
limit, i.e., the set

Ng={f € Ryz] : the trajectories of V" f have a limit on OB U V}}

contains a semi-algebraic open dense set in Ry[z].

2. BRIEFS ON TRANSVERSALITY AND SEMI-ALGEBRAICITY

We recall some principal definitions and results of transversality and semi-algebraicity.
We refer to [11, 13, 15, 4, 5, 7, 17, 18, 19] for more details. Let X,Y, Z, P be some
C> manifolds. Let S be a C°° submanifold of Y. Let f: X — Y be a C'°° map.
Denote C*°(X,Y), the set of C* maps from X to Y.

Definition 2.1. We say that f is transverse to S if f(X) NS = 0 or for each
z € f~Y(S), we have
d. f(T.X) + Tf@)S = Tf(w)Y

Note that if f is a submersion, then it is transverse to all submanifolds of Y.
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Proposition 2.2. [13] If f M S, then the inverse image f~(S) of S is a subman-
ifold of X. Moreover, if codimy S < dimX and f(X)NS # 0, then

codimx f~*(S) = codimy S.

If codimy S > dimX, then f th S if and only if f(X) NS = 0; in this case, the
transversality implies codimx f~1(S) < codimy S.

Definition 2.3. A semi-algebraic set of R™ is a subset of R™ defined by a finite
sequence of polynomial equations and inequalities with real coefficients, or any finite
union of such sets. In other words, the semi-algebraic subsets of R™ form the
smallest class SA,, of subsets of R™ such that:

1. If P e Rlzy,...,z,], then {x e R" : P(x) =0} € SA,, and {z € R": P(z) >
0} € SA,.

2. If A€ SA, and B € SA,,, then ANB, AUB and R™ — A are in SA,.

Theorem 2.4. [5] Let A C R™ be a semi-algebraic set. If A is dense in R™, then
there exists a set B which is semi-algebraic open dense in R™ such that B C A.

Let us recall the following theorem on the semi-algebraic local triviality of semi-
algebraic mappings.

Theorem 2.5. [14] Let A C R™ and B C R™ be some semi-algebraic sets. Let
f A — B be a semi-algebraic map. Then there is a (dim B — 1)-dimensional
semi-algebraic subset C' of B such that, for each connected component U of B—C,
the restriction f|;— )y — U is a semi-algebraic fibration.

We finish this part by recalling the following transversality theorem with param-
eters.

Theorem 2.6. [11, 13] (Transversality theorem with parameters) Let F : P x X —
Y be a C*° map. Set f,=F(p,.): X =Y. If FthS, then the set
D={peP:f,mS}

is open dense in P. Moreover, if X,Y,S, P are semi-algebraic sets and if F' is a
semi-algebraic map, then D is also semi-algebraic.

Proof. The proof of openness and density of D is done in [11, 13]. The method
used also permits to prove that D is semi-algebraic if XY, S, P and F are semi-
algebraic. a

3. GENERIC HORIZONTAL CRITICAL SET
In this part, we study the generic dimension of V.

Theorem 3.1. Generically, V¢ is smooth and of dimension 2 or is empty, i.e., the
set

Kq={f € Ry[z] : V} is smooth of dimension 2 or is empty}
contains a semi-algebraic open dense set in Ry[z].

Proof. Let us write a polynomial f € Ry[z] as follows
4
f :O‘O+Zai1’i+g
i=1
where g does not have the linear part. Then
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le = + Xlg,
Xof = ag + agz1 + auzs + Xog.
We identify f € Ry[z] with its coeflicient vector. Set

L:Ryz] xR* — R?
(f,2) = (Xf)(@), (X2f) ().

The Jacobian matrix of L contains the following matrix

(2L oL, (10
8a1’6a2 B 0 1 '

This implies that L is a submersion. Consequently, L is transverse to {0} C R2.
By Theorem 2.6, the set

Kj:={f € Ry[z] : V"f = L(f,.) h {0}} (1)
is semi-algebraic open dense in Ry[z]. For each f € K};, by Proposition 2.2 and by
this transversality, Vy is smooth and if Vy # 0, then codimVy = codimg={0} = 2,
so dimVy = 2. Therefore K/, C K. This ends the proof of the theorem. (Il

Proposition 3.2. Generically, the map V"f : R* — R? is a submersion on Vi,
i.e., the set

Lq = {f € Rylx] : Vf is submersive on Vit

contains a semi-algebraic open dense set in Ry[z].

Proof. For every f € K, where K, is defined by (1), the transversality condition

V" f th {0} implies that V" f is a submersion on (V" f)~1({0}), i.e., on V. O
4

If f is an affine form f = Zaimi—kao, then X3 f = a1, Xof = as+asr +aqxs.
i=1

So if aq # 0, then Vy is empty. Let K7 := {f € Ry[z] : a1 # 0}. It is clear that K7’
is semi-algebraic open dense in Ry[z] and Ki{ C K;. Then we have the following
result for the affine case.

Proposition 3.3. Generically, Vy is empty for f € Ry[z], i.e., the set
K, ={f eRylz]: V§ is empty}

contains a semi-algebraic open dense set in Ry[z].

4. GENERICITY OF I'y

From now on, we denote X i, 4 f = X3 (Xiy (.. (X5, f)...)) for f € Rylz].
We still write a polynomial f € Ry[z] under the following form

1 1
f= Zail‘i + % Z Bijriz; + g,
i=1

i,j=1
where g does not contain monomials of degree 1,2. Recall that
Iy={zeV;:T,V;NA,; #{0}}, (2)

the set of points in Vy where V; is not transverse to the distribution.
The goal of this section is to prove the following result.
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Theorem 4.1. Generically, the set I'¢ is a smooth algebraic curve or an empty set,
moreover, I'y does not have a connected component which is contained in a fiber of
f, i.e., the set

Mg ={f €Rqylz]: Ty is a smooth algebraic curve or an empty set and does not
have a connected component contained in a fiber of f
3)

contains a semi-algebraic open dense set in Ry[z].

In the case d = 1, the proof of Theorem 4.1 is trivial since Vy = 0 for all
4
f=a0+ Z a;x; with ag # 0. So assume that d > 2. First of all, we characterize
i=1
the set of horizontal curves contained in the fibers of f.
The first statement of Theorem 4.1 is proven by the following lemma.

Lemma 4.2. There exists a semi-algebraic open dense set By C Rylx] such that
for every f € Bg, the set I's is a smooth algebraic curve or an empty set.

Proof. Consider the map
O:R*x Ry[r] — RZx M,
(LE, f) = (le(x)aXQf(x)7X11f(x)aX21f(x)aX22f(x)7Xle(z))v

where M, = R* is the space of 2 x 2 matrices. The Jacobian matrix of © contains
the following matrix

1 0 r1 X2 0 0

01 0 =z a9 x4

00 . 0 0 1 0 0 0
3(04170%511,512,52276%) 00 0 1 0 0 ’

00 0 O 1 0

0 0 O 1 0 1

whose rank is 6. Therefore, © is a submersion and hence is transverse to {(0,0)} x 3
where Y5 is the algebraic subset of Ms, constituted of degenerate matrices. Denote
by 0l the zero matrix in Ms. Note that 0I5 is the only singular point of Y. By
Transversality theorem with parameters 2.6, the sets

By :={f € Ryfz] : ©(, /) D {(0,0)} x (32 — {0L2})},
B2 :={f e Rylz] : ©(., f) M {(0,0) x 0I,}}

are semi-algebraic open dense in Ry[z]. For every f € Bﬁ, by Proposition 2.2,
we deduce that (0,0) x 0z & ImO(., f). Let f € Bq := BN B3 We have
O(., f) M {(0,0)} x (X3 — {0I5}) and ImO(., f) does not contain the singular point
{(0,0) x 0Iy}. Finally, by Proposition 2.2, the set (O(., f))71({(0,0)} x ¥5) is
smooth and if it is not empty, we have

codimps(©(., £))1({(0,0)} x Ts) = codimzs{(0,0)} x o = 3.

Hence dim(O(., f))~1({(0,0)} x ¥3) = 1. Note that z € (O(., f))~*({(0,0)} x 3)
if and only if d,, (V" f)|a, is degenerate, hence if and only if 7,,V; N A, # {0}. This
ends the proof of the lemma.

(]
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Remark 4.3. Is is easy to check that the condition that d, (V" f)|a, is degenerate
gives

Iy={zeR": X1f=Xof = X11fXoof — Xo1fX12f = 0}. (4)
Remark 4.4. If deg f < d, then

(i) deg X1 f <d—1, deg X f < d,
(11) degXllf < d— 2, denglf < d— ]., degXlgf < d— ]., degXQQf < d.

Hence by [23, 26], the number of connected components of I'y is bounded by ¢(d) :=
2(d — 1)[4(d — 1) — 1]3.

By classical Morse theory, we have

Lemma 4.5. There exists a semi-algebraic open dense set Jq C Ry[x] such that
for every f € Jg, the set of critical points of f

Cr(f) ={Vf=(Xof, Xof, Xs5f, Xaf) = 0}
s finite.
Now we have the following constrain on the intersection Vy N f~1(¢).

Lemma 4.6. Let f € Iy = BqN Jg, then for every t, the intersection Vi N f~1(2)
contains only curves (smooth or not) and points, i.e., dim(Vy N f=1(¢)) < 1.

Proof. Suppose that dim(V; N f=1(¢)) > 1 for some t. Let S C V; N f~1(¢) be a
smooth surface of dimension 2. Since the number of critical points of f is finite, we
may assume that S does not contain any critical point of f. By the proof of Lemma
4.2, it follows that By C K4 where Ky is defined in Theorem 3.1, so dim V; = 2.
For each x € S, we have T,,Vy = T,S C T, f ~*(f(z)) and A, C T, f~*(f(z)). Note
that dim A, = 2 and dim T, f~'(f(x)) = 3, so T,V N A, # {0}. Hence x € T'y.
It follows that S C I'y. This contradicts to the fact that I'y is a smooth curve for
every f € Bg. The lemma is proved. (Il

If that I'y has a connected component which is contained in a fiber of f, then
we can calculate the tangent vector of this component as follows.

Proposition 4.7. Let f € I; = B4NJy. Assume that v is a connected component
of I'y which is contained in a fiber of f. Then for x € 7,

§r(@) = —[Xor f(@)] X1 + [X11 f(2)] X2 (5)
is a tangent vector of v at x.

Proof. Note that by Lemma 4.6 and by assumption, ~ is a component of VyN f~1(¢)
for some t. Now (d (V' f, f —1))(&r(2)) =

Xuf Xaf Xsif Xaf _)éilff 0
Xiof Xoof Xsof Xaof . 0 = | XufXoof — XiofXoif
0 0 Xsf Xuf ). 0 0

x

Then (d,(V"f, f —t))(£s(x)) = 0 by Remark 4.3, for all # € 4. This implies that
£¢(x) is a tangent vector of Vy N f~1(¢) at z. Hence &f(x) is a tangent vector of
at x. g
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The vector &f(x) does not give a tangent direction of a connected component of
I'; which is contained in a fiber of f if £;(x) = 0. So we are going to show that for
a generic polynomial, f(z) # 0 on I'y excepted at finitely many points.

Recall that Ff = {LL‘ € R4 . le = ng = XlleQQf - Xglelgf}. Let

Qf = {zely:Xnuf=0}
= {zeR': X\ f=Xof = X11fXoof — X1 fX12f = X011 =0}
= {zeR":X\f=Xof = X11f = Xo1 fX12f = 0}
= {peR*: Xif=Xof =X11f=Xo1f=0}U
{reR*: X f = Xof = X11f = X12f =0}
=: S}US?,

Q? = {xGI‘f IXQleO}
= {I €R4 :le:XQf:XlleQQf—X21fX12f:X21f:0}
= {$€R41le:XQf:X21f:X11fX22f:0}
= {.’EER4Zle:ng:lef:XlleO}U
{reR": Xif =Xof = Xo1f = Xoof =0}
=: S}- U S;?.
By using the same technique used in the proof of Lemma 4.2, we can prove that

there exists a semi-algebraic open dense set Dy C Ry[z] such that for each f € Dy,
each of the sets S}, SJ%, S? are finite. Then, we have the following:

Lemma 4.8. There exists a semi-algebraic open dense set Dy C Rylx] such that
for every f € Dy, the set Qf = Q} U Q? is finite, so {r(x) # 0 for x & Q.

Let
Gf =X fXoaf — Xo1 fXaaf. (6)
Then by (4), Ty ={X:f = Xof =Gf =0}.

Now we are able to describe numerically the condition of tangency of I'y to a
fiber of f.

Lemma 4.9. Let f € IgNDy. Let x € T'y — (Qp UCT(f)) where Cr(f) is still the
set of critical points of f, which is finite. Then [d,(Gf)](&r(z)) = 0 if and only if
L't is tangent to the fiber f~(f(z)) at x.

Proof. Note that £f(z) # 0 and &f(z) is a tangent vector of Vi N f~1(f(x)) at z.
Suppose that [d;(Gf)](€s(x)) = 0. Let us prove that £;(x) is a tangent vector
of T'y at z. We have [d, (X1 f, Xof, Gf)|(&f(x)) =

Xuf Xoaf Xaif Xaf —)—(Xz}f 0
= | Xiof Xoof Xsof Xuof Bl = Gf(x)
X1G XoG X3G XuG ) 0 [de(GS)(Ef ()

x

Hence [d, (X1 f, Xof, Gf)](§f(x)) = 0, which means that £7(z) is a tangent vector
of 'y at z. Therefore, I'y is tangent to the fiber f~1(f(z)) at .

Now suppose that I'f is tangent to the fiber f~1(f(z)) at . Let n be a non-zero
tangent vector of I'y at «, then [d,(Gf)](n) = 0. Since I'y C V¢, thenn € T, V¢. On
the other hand, by the assumption, it follows that n € T,.f ~(f(x)). Consequently,
n € Tp(Vy N f~1(f(x))). Moreover, the two non-zero vectors  and &f(x) have to
be linearly dependent. This implies that [dy (X1 f, Xof, Gf)](&s(z)) = 0. O
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For f € Ry[z], we define the norm

1/1]:= O é)'?
where ¢; is a coeflicient of f and the sum is taken over the set of coefficients of f.
Then the distance between f, h € Rg4[z] is defined by ||f — hl|.

Let 7 : R* x Ry[r] — Ry[z] be the projection map. Let S := ©71({(0,0)} x
Y5) where © is defined in Lemma 4.2 and ¥ is still the algebraic subset of My,
constituted of degenerate matrices. Note that if (z, f) € S, then z € T'y. Let mg
be the restriction of m on S, then a fiber (ws)~'(f) of ms is just I'y x {f}. By
Theorem 2.5, there exists a semi-algebraic subset Z of codimension 1 of R4[x] such
that f is a semi-algebraic locally trivial fibration over each connected component
of T; :=Ry[z] — Z. Tt is clear that Ty contains a semi-algebraic open dense subset
of Ry[z]. Let Ay C I4N Ty such that A, is semi-algebraic open dense. Now fix a
polynomial f € Ay. The set V¢ is algebraic, smooth, dimVy = 2 or V; is empty,
moreover Iy is algebraic, smooth, dimI'y = 1 or I'y is empty. Suppose that I'y % (.

For each f € A4N Dy, since I'; is an algebraic set, it has only a finite number of
connected components I‘}, ..., '}, this number is bounded uniformly by ¢(d) where
¢(d) is the constant defined in Remark 4.4. Let x(f) be the number of connected
components of I'y such that each of them is contained in a fiber of f (not necessarily
the same) and let A(f) be the number of connected components of I'y which are
not contained in any fiber of f. So A(f)+ &(f) < ¢(d). Now let us fix a polynomial
f € AqgnN Dg. Suppose that x(f) > 0. Denote € := (a, 8,7) and set

fer=f+azs+ gwé + x4, (7)

a perturbation of f by a form of degree 2. Let |e| := max{|al, |3],|Y|} be the "size”

of the perturbation. If € is small enough, by the triviality given by Theorem 2.5,

for each connected component 6 of I'y, there exists a connected component 6. of

I'y_ which is close to §. We call 0. the connected component corresponding to 0.
The following lemma is the key to prove the density in the theorem 4.1.

Lemma 4.10. There exists € = (, 3,7) such that A(fe) > A(f). Moreover

/\(fte) = /\(f(ta,tﬁ,t’y)) > )‘(f)
for every t € (0, 1].

M) A f)+r(f)
Proof. We write I'y = U r;u U I';, where
i=1 i=A(f)+1

(i) F}c, e 71"?“) are the connected components of I'y which are not contained
in any fiber of f,
(ii) F;(f)ﬂ F;(an(f) are the connected components of I'y which are con-
tained in a fiber of f (not necessarily the same).
By Lemma 4.9, it follows that &f(z) # 0 and [d.(Gf)](§f(z)) = O for every
A +5(F)
T € U L, — (Q;UCr(f)), recall that £;(x) is defined by (5).
i=A(f)+1
Let us fix 6 = I‘?(f)ﬂ, a connected component of I'y which is contained in a
fiber of f. We look for a perturbation f, satisfying the following conditions:

geeey
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(c1) The connected component §. of 'y, corresponding to 6 is not contained in
any fiber of f..

(c2) The connected components of I'y, corresponding to th .. ,F;(f) are not

contained in any fiber of f. neither.

Firstly we establish (c1). By Lemma 4.8, the set Qy is finite. Since f € Jg,
by Lemma 4.5, f is a Morse function, then Cr(f) is finite. Consequently, 6 —
(QrUCr(f)) # 0. Let us take a point b = (by,ba,b3,bs) € 0 — (7 UCr(f)). Let
e = (a, 8,7) be a solution of the following system of equations:

{ a+byB+bsy=0 { a = —byf8 — b3y = (b1ba — b3)y

B+biy=0 p=—-by
such that v # 0. Note that by choosing v small, we can make the size of € arbitrary
small. Recall that X3 = —, X, = i Now we have
81}3 8374

Xife = Xif for i € {1,3,4},

Xofe = Xof +a+Brr+ywxs,

Xijfe = Xijf for (27.]) € {174} X {1a4}7 (Z7J) 7é (2a2)7 (372)a

Xoofe = Xoof + B+ 21

We remark the following properties.
Claim 4.11. The perturbation f. fizes the point b in L'y, i.e., be 'y, .
Proof. We have

Gfe = XufeXonfe—Xo1feXiofe = X1 f(Xoaf+B+vx1)—Xo1 fX1of = Gf+(B+yx1) X1 f.

By our choice of €, it is easy to see that X fc(b) = Xaofc(b) = Gf.(b) = 0. This
proves the claim. O

Claim 4.12. The connected component 8. of I'¢. which contains b is not contained

in any fiber of fe. In fact 0.ty f71(fe()).

Proof. First of all, we prove that b & Qs U Cr(fc). Since X;f.(b) = X,;f(b) for
i=1,2,3,4, we deduce that Vf.(b) = Vf(b) where V f. and V f denote respectively
the (Riemannian) gradient of f. and f. Since b € Cr(f), b is not a (Riemannian)
critical point of f and hence b is not a (Riemannian) critical point of f.. This
implies that f=1f.((b)) is smooth at b. Moreover T, f= f((b)) = T f 1 f((b)). On
the other hand, since X;; fc(b) = X;;f(b) (1 =1,2,3,4,5 = 1,2) by our choice of ,
it follows that d,(V"f) =

(an Xo1f Xsif X41f> :(Xllfe Xoi1fe Xsife X41fe> — 4y (VL)
Xiof Xoof Xsof Xaof ), Xiofe Xoofe Xsofe Xaof), o

Hence T,V = Kerdy(V"f) = Kerdy(V"f.) = T,V}.. Note that Xy f.(b) =
X11f(b) # 0 and Xo; f(b) = Xa1f(b) # 0, consequently, b ¢ Q.. Sob & Q; U

Cr(fe)-
Now by Lemma 4.9, it is sufficient to show that [dy(G fe)](€y. (b)) # 0. Note that

Gfe=Gf+(B+yx1)Xuf,
§r. = —(Xorf)Xi + (X fo) X = —(Xo1 ) X1 + (X1 f) X2 =&
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Hence

[db(G 1)) (E.(b)) b( + (B +y21) X1 f)](€5(0))
G](Er(0)) + [dp{(B + va1)X11 f}(&4 (D))
o(GHI(Ef(0)) +[(B +7x1)d( X1 f)
(X Nd{(8 + 700 Ya(Er (1) .
= [d(GNIEr(B) + (B +vb1)[dp(X11£)](§£ (D))
+(Xa1f(0)[d (B + y21)] (£ (D))
= [do(GHIEf(b)) + (B + 7b1)[ds(X11.f)](££ (D))
= [X11 £ (0)].[X21 £ ()].
Since [dp(G f)](£4(b)) = 0 by our initial setting and (8 4 vb1) = 0 by our choice of
€, it follows from Lemma 4.8 that [dy(Gfe)](£r. (D)) = —v[X11f(D)].[X21f(b)] # O
for € # 0. This ends the proof of the claim. O

I
ENENEY
=

So with Claim 4.12, we have established (c1). Now we try to establish (c2). To
do so, the following claim is sufficient.

Claim 4.13. For each i = 1,...,A(f), let F;}E be the connected component of Iy,
corresponding to I‘l]}. There exists a constant 0 < § such that if |¢| < 4, then I”]}E 1S
not contained in any fiber of fe.

Proof. Since F} is not contained in any fiber of f, it follows that F’} is almost
everywhere transverse to the fibers of f. By Lemma 4.8, the set QUCr(f) is finite.
Hence, we can choose a point a; € T — (7 UCr(f)) such that T Mg, f~1(f(as)).
By Lemma 4.9, [dq, (Gf)](£f(a;)) # 0. Let

mii= _min |[da, (G)(E(ai))] > 0.

Let ¢ > 0 such that B(as, ¢) N {|[d(G)](Es)] < %} — 0 where B(ai, () i= {« €

R* : ||x — a;]| < ¢}. Set
my 1= max |[da(X11 )] (€5 (2))] < +o0,

i=1,..., s1;2€B(a;,¢)

= a X1 f()].| X21£(D)| < 400,
mai= | max XS0 Xaf0)] < o

my = max ||‘T_b|‘ <+OO.
i=1,...,s1;2€B(a;,()

Note that mg,mgq > 0. Let r > 0 such that
mi

min if m 0
r<{ m1{4m2m4 4m } 27

— if =0.
4m3 I Mo

and such that for |e| < r, fe € AgN D, and the intersection B(a;, () OF}E is a curve.
Since the set Q. U Cr(f.) is finite, we can choose a point o; = (041,042,043, 0i4) €
B(as, ¢)NT_ such that o; ¢ Qr, UCT(fe). Let us prove that [dy, (G fo)](£5, (01)) # 0.
In fact, by the same computation as (8), we have

[do (Gf)(E5.(03) = [do,(G)(Ef(03)) + (B + v0i1)[do, (X11 f))(Ef (o))
—[X11f(03)].[X21 f(0)]-

So

[doi (Gf(Er (o))l = |do, (GHI(Ef(0i))| = [(B + voir)|-|[do, (X115)](E5(0:))]
=[] [X11f(00)] .| X21 f ()]
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We note the following facts:

i) Since o; € B(a;, () and B(a;, ¢) N{|[do:(Gf)](&r)] < 3%;11} = (), it follows that

3m1

1o (GHNEs (o)) > =~

ii) (8 J;nYUil)LHdai(Xllf)](§f(0z‘))| = |(=b1 + 0i2)V|ldo, (X11 /)] (04))] <

myrme < T
m
iii) [y[.|X11f(0i)]-[ X1 f(o4)] < mms < 71
These imply that
3mq mq mq mq
. N>t T T,
o (GF(Es. ()] 2 = T 7 >0

Then by Lemma 4.9, we deduce that ]."3}6 Mo, 7 (fe(0:)). This ends the proof of
the claim.
O

By construction, A(fe) > A(f)+1. Moreover, A(fi.) > A(f)+1 for every ¢ € (0, 1].
Hence, the lemma is proved. ([l

Lemma 4.10 shows that, after a small appropriate perturbation f., the number of
connected components of I'¢_, which are not contained in any fiber of f,, increases.
So we obtain an important corollary as follows.

Corollary 4.14. The intersection Mg N Ag N Dy, where My is defined by (3), is
dense in Ry[z].

Proof. Since the number A(f) is bounded from above by ¢(d), repeated applications
of Lemma 4.10 give a polynomial h € My which can be chosen arbitrarily close to
f- The corollary follows. O

The following lemma proves the semi-algebraicity of the set My N Ay N Dy.

Lemma 4.15. The set MyNA4NDy, where My is defined by (3), is a semi-algebraic
set.

Proof. For f € AgN Dy, denote F}, e ,Fl;f be the connected components of I'y
which are semi-algebraic sets. Then
MqNAgNDg={f€eA;NDy: Fo; EF}— (QruCr(f)):
[do,(GHI(&(00)) #0,i=1,... ks}.
This set is clearly a semi-algebraic set by Tarski-Seidenberg principle [4, 5, 7] and
Theorem 2.5. (]

Now we have all necessary ingredients to prove the theorem 4.1.

Proof of Theorem 4.1. By Corollary 4.14 and lemma 4.15, it follows that My N
AgN Dy is semi-algebraic and dense in Ry[xz]. Then by Theorem 2.4, MyN Ay N Dy
contains a semi-algebraic open dense set in Ry[x]. Consequently, M, contains a

semi-algebraic open dense set in Ry[z]. This completes the proof of the theorem
4.1. O

Form Theorem 4.1, we obtain the following corollary.
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Corollary 4.16. Generically, the set V¢ does not contain a horizontal curve, i.e.,
the set
Py ={f € Ryq[z] : V} does not contain a horizontal curve}

contains a semi-algebraic open dense set in Ry[z].

Proof. Let f € By N My. By the proof of Lemma 4.2, it follows that By C Ky
where K, is defined in Theorem 3.1, so Vy is smooth of dimension 2 or is empty.
Assume that Vy # (0. Let us prove that f € P,.

By contradiction, suppose that v C Vy is a connected horizontal curve, let y(t) be
a parametrization of . Since (t) is almost everywhere differentiable and v C V%,
we have (t) € T, Vy for almost t. On the other hand, since + is horizontal, it
follows that §(t) € A,. Hence, for almost ¢, we have ¥(t) € Ty Vy N Ay, s0
TyyVy NV Ay # {0}. This implies that v(t) € I'y for almost ¢. By the absolute
continuousness of (t) and the smoothness of I'y from Lemma 4.2, we have v C I'y.

d
On the other side, since A, ;) C Ker(dy ) f), we get pr [f(v()] = [dy) [1(7(t)) = O

for almost ¢. Hence f(v(t)) = ¢ where ¢ is a constant, which implies that v is
contained in the fiber f~!(c). Consequently, I'y has a connected component which
is contained in a fiber. This contradicts Theorem 4.1. The corollary is proved. [

Remark 4.17. Let f € BgN My, if f is non constant on each connected component
of I'y, then Vy, and hence I'y, do not contain a horizontal curve.

5. TRAJECTORIES OF HORIZONTAL GRADIENT

In this section, we prove that for a generic polynomial f, every trajectory of V" f
in a given compact set B always has a limit. Precisely, we will prove the following.

Theorem 5.1. Generically, the trajectories of V' f in B have a limit, i.c., the set
Ng={f €Ryz] : the trajectories of V" f have a limit on 9BUV}}  (9)
contains a semi-algebraic open dense set in Ry[z].

Let dy,(.) be the distance function to V; with respect to the usual Euclidean
metric on R*. By Lojasiewicz inequality ([18]), there exist some constants C, Co >
0,7 > 1> g > 0 such that for all z € B, we have

Chdy, (2) < [|V" f(2)]] < Cody, (). (10)
We have the following lemma.

Lemma 5.2. For f € Ly, where Ly is defined in Proposition 3.2, we can choose
the exponents v = = 1 in the Lojasiewicz inequality (10), i.e., there exist some
constants 0 < C1 < Cy such that for all x € B, we have

Cdy, (x) < V" f(2)]| < Cady, (2). (11)

Proof. The idea of proof is similar to Lemma 5.15 in [8]. By Proposition 3.2, for
f € Lq, V" f is a submersion on Vy. This implies that for each € V, the Jacobian
matrix of V*f : R* — R? is of constant rank 2. By constant rank theorem, for
all x € Vy, there exist a diffecomorphism w : U — U® from a neighborhood U} of
0 € R* on a neighborhood U® of x, u(0) = x, and a diffeomorphism w : W — W
from a neighborhood W of 0 € R? on a neighborhood W of 0 € R?, w(0) = 0 such
that

A(yl,yz,ys,yzi) = (yl,yz)
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where A = wo V" fou. It is clear that u=1(V; NU®) = {y1 = y2 = 0} NU¥ and
that

AW = [I(y1, y2)I| = dist(y, V1f) (12)

where dist(., V1 f) is the distance to V; f with respect to the standard metric on
R*. Since u and w are diffeomorphism (defined on the convex sets), they are bi-
Lipschitz, i.e., u,v and v~ v~ are Lipschitz. Hence, by (12), there exist some
constants 0 < C7 < CF < +oo such that for all z € U*, we have

Ctdv, (2) < |IV"f(2)l] < Cdv, (2). (13)

By compactness of B NV, we can find a finite cover of B N Vy by some open sets
U%,i=1,...,k, such that (13) holds in each U**. Note that there exists r > 0

such that for all z € B = B — U U™, we have dy, (z) > 7, so let

s IVl Iaily

C] = min ,Cy = max

B dy B Vi
Then
Cudy, (=) < V" ()| < Cady, (2)
for all z € B. Finally, let
C1 = min{C7*,...,C% C1},Cy = max{CF',...,C3* Cy}.
Then for all z € B, we have
Cidv, (2) < |IV"f(2)|| < Cadv, (2).
The lemma is proved. ([
Recall that gsp = dz? + dz2 is a sub-Riemannian metric on A. Let dsr =
d%,f gsr- Note that the metrics dsr depends on the polynomial f. Moreover, it is
degenerate on V.
Let << .,.>> and [|.|| denote respectively the scalar product and the norm for
the metric gsg, let < .,. > and |.| denote respectively the scalar product and the
norm for the metric dgp. For a horizontal curve a : (t1,t2) — R?, its length with

respect to gsr and dggr, denoted respectively by I,(a(t)) and Is(c(t)) are given by
the following formulas.

T
L(a(t)) = / 168l dt. (14)

T
/0 6(8) oy

T
- / v, (a())[|() ey dt-

The horizontal gradient for the metric sz can be computed from the one for
the metric ggg, this is given by the following lemma.

Ls(a(t))

(15)

Lemma 5.3. Let °Vf = (uy,ua,us,us) and °V"f = (uy,us), be respectively the
gradient and the horizontal gradient of f with respect to the metric § := §gr+w3+w?
where ws = drg — x1dre, wy = dry — x3dxs. Then, in the coordinate system

{X1,Xs, X3, X4}, we have
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Xif

Ui = ,(1=1,2)
d%/f
U; = Xif7 (Z = 374)
h h
Which mean °V" f = va and |°V"f| = v f||
de de
Proof. The proof is similar to the proof of Lemma 5.8 in [8]. m

The following lemma is similar to Theorem 5.10 in [8].

Lemma 5.4. Let o : (t1,t2) — B is a trajectory of V" f. Then for the metric §, the
|f(a(tz)) — fla(t))]
Cq

on B) in the Lojasiewicz inequality (11).

length of o is bounded by

where C is the constant (depended

Proof. The proof is obtained by the same way as the proof of Theorem 5.10 in
8] O

The following property is similar to Proposition 5.1 in [8].

d
Proposition 5.5. If 2(t) is not a constant trajectory of V" f, then %(f(x(t))) >0
which means that f is non constant on x(t). So the there are no closed trajectories
of V'f.
Proof. The proof is analogue to the proof of Proposition 5.1 in [§]. (]
0

Now for a € Vy —I'y, let U be an open neighborhood of a such that U NIy = 0,
let Y, Z be some open neighborhoods of 0 € R?, let
Y Y - VinU
(y1.92) = @(y1,92)
be a smooth local parameterization of Vy at a such that ¢(0) = a. Set
. Y x R? - U
Y= (Y1,92,¥3,91) = ©y1,92) + Y3 X1 (oY1, y2)) + yaXo(p(y1, y2))

We have the following lemma.
Lemma 5.6. The map ® is a local diffeomorphism at 0 € R*.

Proof. Note that (d®)o(R%?x{0}) = {(d¢)o(R?)}x{0} = ToVyx{0} and (d®)o({0} x
R?) = {0} x A,. On the other side, T,V; h A, since a & I'y. Hence (d®)o is sur-
jective which implies that it is also bijective. The lemma follows. O

Remark 5.7. Let dist and distg be respectively the Riemannian distance with
respect to the metric g = do? + dz3 + w? + w? and the usual Euclidean metric gp
on R%. From the property that all scalar products on a finite dimensional vector
space are equivalent, it follows that dist and distg are equivalent on any compact
subset of R%.

Let 0 € W C Y x Z such that W is compact and that ® : W — ®(W) is a
diffeomorphism. Set
V= éil(Vf) Cc R? x {0}.
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Then it is easy to check that
dv,(New) = diste(.,Vi)law)

~ distg(., Vi)|lw
= diStE(.7 {y3 =Yy4 = 0})|W
= de()|W
Let b € ®(W) and set b = &1 (b). Now set B(b, R) := {y € R*: |y; —b;| < R} C
W, then Bg(b, R) := ®(B(b, R)) is a closed neighborhood of b.
The following lemma is the key to prove the existence of the limits of the trajec-
tories of V" f.

Lemma 5.8. Let f € MyN AgN DygN Ly, we have the following.
(I) Let « : [t1,t2]) — Ba(b, R) be a horizontal curve such that a(t;) = b and
a(tz) € 0Ba(b, R). Then l5(a(t)) > Cp r > 0 where Cp r does not depend
on a.
(IT) For eachp € 0Bs(a, g) and for any horizontal curve « : [t1,t2] — Be(a, R)—

Ba(a, g) such that a(t1) = p and a(tz) € IBs(a, R), we have l5(a(t)) >
Cl r > 0 where C}, p does not depend on a.
Proof. (I) By compactness, it is sufficient to prove that ls(a(t)) > 0 for such a(t).
Set q := a(t2) and ¢ := ®~1(q) = (q1, Go, 43, Ga)- We have four cases to consider:
(i) b & Vy; i i
(11) be Vf and |(j§ — b3| =Ror |(j4 - b4| = R;
(111) be Vf, ‘ng — bg‘ < R and |d4 — b4‘ < R.
Claim 5.9. We have l4(a(t)) > cR where ¢ is a positive constant.

Proof. By Lemma 5.6, ® is a diffeomorphism, hence it is bi-Lipschitz, so by Remark

5.7, we get }
ly(a(t)) > dist(b, q) ~ distg(b,q) ~ distg(b,§) > R.
(I

We need first the following claim whose proof follows easily from Claim 5.9 and
the formulas (14), (15).

Claim 5.10. If dy,(a(t)) >r >0, then ls(a(t)) > rly(a(t)) > crR.

Now consider case (i). Set 2r := dy, (b) > 0. If dy, (a(t)) > r for all t € [t1,12],
then by Claim 5.10, it follows that
ls(a(t)) > erR > 0.

Otherwise, there exists to € (t1,t2] such that dy,(a(to)) = r and dy;, (a(t)) > r for
te [tl,to}. Then

ls(a(t) = ls(a@)lt o))
> Tlg(a(t)htl,to])
> rdist(b, a(tg))
~ rdistg(b, a(ty))
> r2>0

Next, for case (ii), by the assumptions, we have
distp(q,{ys = ya = 0} > R.
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Hence
R < distp(q, Vy) ~ distp(q, Vy) = dv,(q)

which means that there is 7’ > 0 such that dv,(q) > 2r’. By applying the arguments
as in the case (i), it follows that [5(a(t)) > 0.
Let us consider the case (iii), since ¢ € 9By (b

] > ,R), we have § € B(b,R). So
\(jl — bl‘ =Ror |q~2 — b2| = R. Let d(t) = <I>_1(oz(t)).

For y € W, set
Ay = d@il(Aq)(y)),

which defines a distribution A on W. Let y € W and X,Y € T,A,, the ”pullbacks”
gsr of gsg and dgr of dsg on A at y are given respectively by

Gsr(X,Y) = gsr(dy®(X),d,®(Y)),

Osr(X,Y) = 0sr(dy®(X),dy®(Y)) = d?, (6(y))-gsr(dy®(X), dy®(Y)).

Since all metrics on R? are locally equivalent, by compactness, we have jsr(X,Y) ~
gE|A- Moreover dy, ~ d\”/,w So

SSR(X, Y) ~ d%/f .gE‘A.

Denote by l3(a(t)) the length of &(t) with respect to the metric dsr. Then by this
observation, it is sufficient to prove that I5(G&(t)) > 0.

Without loss of generality, we may assume that &(t) is parametrized by its arc
length with respect to the metric gg, i.e., ||a(t)||g = 1 for t € [to,ts], where
||.||ez denotes the Euclidean norm. Let &£(t) be the orthogonal projection of &(t)
on Vf with respect to the Euclidean metric gg, so f(t) is the projection of &(t)
on Ty Vy = R? x {0}. Note that distg(£(t1),&(t2)) = distg(b, (41, G2,0,0)) > R.
Denote by G(2,4) the Grassmannian space of 2—planes in R?, the distance between
two planes P, @ € G(2,4) is given by

P (= max min||p— .
pPQ) = max minflp—dlls

Since the map A : R* — G(2,4),y — A, is smooth, it is locally Lipschitz, so we
may suppose that for all z,y € W, we have

p(As, Ay) < Kz —yllp,
where K is a positive constant. Hence for ¢ € [to, t2],
P(Ani): Aery) < Klla(t) — £(t)l|e-

Let 7(t) be the orthogonal projection of é(t) on Ag(t) C {0} x R? with respect to
the Euclidean metric gg. Since Ag(t) L Tf(t)f/f, we have G(t) = £(t) +7(t). So

1EW|z = [1at) — i)z < p(Baw), Aery) < Klla(t) — 1|5 < Kdg, (a(1)).
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/t t (8|t

to

dy, (a(t))dt

Consequently

ls(&)

1 [t
> — [ lE@)|sdt
K Jy,

> diste(€(),£() > R.

This end the proof of (I). It is clear that (II) follows easily from (I). The lemma
follows. .

Now we have all the ingredients necessary to prove Theorem 5.1.

Proof of Theorem 5.1. Let f € MyNA;NDyN Ly and let at) C B be a trajectory
of f in B, assume that «(t) is parametrized by the values of f. If a(t) does not
approach to Vy, then by the same arguments as Proposition 5.4 in [8], it follows
that «(t) has a limit on dB. So from now on, assume that «(t) approaches to V7,
i.e., there exists a sequence t,, — ty < +0o such that

Since «(t) is parametrized by the values of f, we have
distp(a(t), f 1 (to) N B) — 0 when t — t,

where dist g denotes the distance function to V¢ with respect to the usual Euclidean
metric on R%. Thus

distg(a(t),Vy 0 f~(to) N B) — 0 when t — to. (16)

We need to prove that «(t) has only one accumulation point in Vy N f~1 ()N B. By
contradiction, assume that a(t) has two accumulation points a, a’ in VyNf~1(to)NB.

If a ¢ T'y, then there are a local diffeomorphism ® and a "box” Bg(a, R) satis-
fying the conclusions such that Lemma 5.8 holds. Then it is clear that for R small

enough, a(t)N (Bq> (a,R) — Ba(a, %)) contains infinity many components with one

R
end point in dBg(a, R) and another in 0Bg(a, 5) According to Lemma 5.8, the

length of these components with respect to the metric dsr is bounded from below
by a positive constant, which implies that I5(a(t)) = +00. This contradicts Lemma
5.4.

If o’ € T'y, by the same arguments, we get a contradiction. So suppose that a,a’ €
I';. By Theorem 4.1, the intersection f~!(to)NT; is finite, so let R be small enough
such that Be(a, R) N f~1(to) NIy = {a}. Since a(t) accumulates to a, it intersects
0Bg(a, R) infinitely many times. By compactness, the set dBg(a, R) N «a(t) has an
accumulation point, denoted by a;. By (16), it is clear that a; € f~!(¢y). Hence
a1 ¢ I'y. By the same arguments as above, we get again a contradiction. So we
have proved f € Ny, where Ny is defined by (9). This ends the proof of Theorem
5.1. ([
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